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1. (25%) Consider the transmission of an analog message signal m(t) over a noiseless channel
via an impulse train sampler, i.e., the transmitted signal is given by

[ o]

o(t) = Y m(nT)é(t —nT),

n=—oo

where T' > 0 denotes the sampling period and () is the Dirac delta function. Upon receiving
z(t), a reconstruction filter with frequency response

T, |fl< %,
0, otherwise,

is used to recover the message signal; denoted by 7 (t) the filter output.

(a) (10%) Derive an expression for 7(t) in terms of the samples {m(nT) : n € Z}.

(b) (5%) Assume that m(t) is bandlimited to B(Hz) with B < 1/(2T). Determine whether
m(t) can be perfectly reconstructed. Explain your answer.

(c) (10%) If only the signal values at the sampling instants ¢ = nT are of interest, that is,
we require
m(nT) = m(nT), Vn € Z,

is the bandlimitedness assumption on m(t) necessary under this requirement?

2. (25%) Consider a conventional waveform channel y(t) = z(t)+n(t), where the noise process
n(t) is described by a sequence of random pulse train given by

oo

n(t) = Y _ nip(t —iT +6).

=—00

Here, the waveform p(t) is a rectangular pulse with height 1/ VT on [0,T] and 0 elsewhere,
the parameter § € [0,7) is a random time offset uniformly distributed on [0,T’), and the
weighting coefficients n;’s are independent and identically distributed Gaussian random vari-
ables with zero-mean and variance 2. Assume that ¢ is independent of n;’s.

(a) (8%) Is the noise process n(t) wide-sense stationary (WSS)? Explain your answer.

(b) (6%) Describe the limiting behavior of the autocorrelation function and power spectral
density of n(t) as T — 0.

(c) (4%) Let w(t) be the output of the ideal low-pass filter of bandwidth B(Hz) and height
1 with input n(¢). Find the output variance of w(t) in the limit as T' — 0.

(d) (7%) As T — 0, the noise process n(t) becomes Gaussian since any finite number of
samples of n(t) are jointly Gaussian. Discuss whether w(t) defined in part (c) is also
a Gaussian process and whether it is WSS. Explain your answer.
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3.(20%) Consider that a single-tone message signal m(t) = Ay, cos(27 fy,t) is used to generate
the following modulated signal with carrier amplitude A, and frequency f. > f):

1 1
s(t) = §a,AmA,2 cos2m(fo + fm)t] + 5(1 — a)AmAc cos[2n(fe — fm)t],
where a € [0, 1] denotes the attenuation factor applied to the upper side frequency.
(a) (4%) Find the in-phase and quadrature components of s(t).

(b) (4%) Identify the modulation type represented by s(t) for a =0, a = 0.5, a = 1, and
for other values of a.

(c) (8%) Assume that the signal s(t) is, plus the carrier A, cos(27f.t), is sent and passed
through an envelope detector. In the absence of channel noise, determine the envelope
distortion introduced by the quadrature component in the detector output.

(d) (4%) Based on your result in part (c), determine the values of a for which the distortion
is eliminated and the values for which it is maximized. Justify your answer.

4. (30%) Consider the discrete-time channel
y=hxx+n,

where “x” is the convolution operator, h = [1, —1, 1] denotes the channel impulse response,
x = [z;, To] represents the transmitted vector with two independent and equiprobable signals
selected from the set {41, —1}, and the noise vector n consists of independent and identically
distributed Gaussian random variables with zero-mean and variance 2. Assume full linear
convolution with zero padding. Answer the following questions:

(a) (2%) Express y in matrix form y = Hz + n by specifying the channel matrix H.

(b) (5%) Based on the representation in part (a), derive the maximum-likelihood (ML)
decision rule for estimating z; from ¥, given H and the noise statistics.

(c) (5%) Assume that o2 is sufficiently small, derive an approximation of the ML decoding
error probability for z; under the decision rule obtained in part (b). Express your result

wl
in terms of the Q-function, where Q(t) = [;° —=e~ 7 du.

(d) (5%) In the absence of noise, design a linear left-inverse system W that minimizes the
mean-squared error E,, [nWy — m[!z] , Where the expectation is taken over all equiprob-
able transmitted vectors & and || - || denotes the Euclidean norm.

(e) (5%) Let § = Wy denote the output vector of the inverse system in part (d). Deter-
mine the probability distribution of the effective noise vector 72 = Wn.

(f) (5%) Suppose that the optimal decoding of z, is derived based on the scalar observation
%1 = %1 +7;. What is the decoding error probability for sufficiently small 627 Express
your result in terms of the Q-function defined in part (c).

(8) (3%) Even though both decoders are optimal under their respective models, one based
on y and the other based on , their performance is not the same. Explain why.
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1. Consider the following system of linear equations:

1+ +x3=2
SC2+2$I73:1
(a® ~ 9)x3 = a— 2

Based on the parameter a, answer the following questions and explain your reasoning:
(a) (3%) For which condition(s) of a does the system have exactly one solution?

(b) (3%) For which value(s) of a does the system have zero solutions?

(¢) (3%) For which value(s) of a does the system have infinitely many solutions?

2. Let W be the plane with equation z + 2y — 3z = 0.

(a) (3%) Find a basis for W.
(b) (6%) Find the standard matrix for the orthogonal projection onto W.

(c) (3%) Use the matrix obtained in (b) to find the orthogonal projection of a point Py(zg, yo, 2p) onto
W.
(d) (3%) Find the distance between the point Py(—1, 1, —1) and the plane W, and check your result.

3. Consider the bases B = {u;, uy, uz} and B’ = {vi, vz, v3} for R®, where

1 0 -1 -1 0 1
u; = 0 , Ug = 1 , Ug = 0 , Vi = 1 , Vg = 1 , V3 = 0
2 0 2 2 -2 2

(a) (6%) Find the transition matrix Pg g/ from B to B'.
(b) (6%) Find the transition matrix Pg p from B’ to B.

0
(c) (2%) Compute the coordinate matrix [w]p where w = | 0
2

0 2 3

M=10 2 0

1 01

(a) (6%) Find a diagonalization M = PDP~! and use it to compute the matrix power M".

(b) (6%) Compute a QR-decomposition of M that is, find a matrix () whose columns form an or-
thonormal set and an upper triangular matrix R such that M = QR.




B P EAS 115 L4 EHREIE S RRE

HBLE GEREARE A#MBX 2 H %27
Ay c BMIELA-ERTA

5. The number N of packet arrivals in ¢ seconds at a multiplexer is a Poisson random variable with arrival
rate of A packets per second.

(a) (5%) Find the mean of NV in ¢ seconds.
(b) (5%) Find the probability that there are no packet arrivals in ¢ seconds.
(c) (5%) Let Z be the time until the first packet arrival. What is the probability that Z < ¢?

(d) (5%) Find the mean of packet interarrival times.

6. LetY = X, where X is a random variable.
(a) (5%) Find the cumulative distribution function (cdf) of Y in terms of the cdf of X.
(b) (4%) Find the probability density function (pdf) of Y in terms of the pdf of X.
(¢) (5%) Find the pdf of Y when X is a Gaussian random variable with mean m and variance 2.

(d) (8%) Now letY = e~*X rather than Y = e*. Find the pdf of Y when X is an exponential random
variable with parameter A\. What random variable is Y?

7. Let X be a standard normal random variable.
(a) (5%) Find the characteristic function (c.f.) of X.
(b) (3%) Find the c.f. of Y = ¢ X + m, where ¢ # 0 and m are real numbers.




