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1. (20%)Let X(f)= _“: x(t)e’*/'dt be the spectrum, i.e., the continuous time Fourier transform

(CTFT), of a deterministic complex-valued continuous energy signal x(7) . Consider two such signals,
x(1) and (), with spectra X(f) and Y(f), respectively.

(a) (10%) Describe and prove the Parseval’s Theorem for x(t) and X(f).
(b) (10%) Describe and prove the convolution property for x(#), y(#), X(f),and Y(f).
2. (20%) Consider the deterministic energy signal x(¢) = sinc(2 fot) and power signal

y(t) = cos2n f,t), where f, is a fixed number.

(@) (10%) Compute the autocorrelation function and energy spectral density of x(t).
(b) (10%) Compute the autocorrelation function and power spectral density of y(2).

3. (20 %) Consider the bandpass single side band (SSB) signal

x ()= %Acm(t) cosRr ft)— -;—Acﬁz(t)sin(brﬁt) ,
where m(f) is the message signal, m(f) is the Hilbert transform of m(¢), and /. is the carrier
frequency. Let X,,(f) be the lowpass complex envelope of x,(¢).
(@) (10%) What is the spectrum of x,(r) when m(t)=sinc(2fyt), f, << 1.?

(b) (10%) What is the spectrum of X;p (1) when m(t) =sinc(2fyt), f, << 1.?




3 ERE 114 £ 4 A 348 4 408

B &M4E @RER A#B#%£ 2R %2R
Ay BNIRERLA-ERT4A

4. (20 %) A transmitter sends a complex-valued symbol § with E {|s|2} = E_ over a wireless channel.
The receiver has K antennas with received signals x, = hs+n,, k=1,2,---,K. Each A, denotes
the complex-valued channel gain and 7, is the independent complex-valued zero-mean Gaussian
noise with variance £ {Ink Iz} =o’ atthe k-threceive antenna.

(@) (10%) The channel gains 4,,Vk , are known. The signal at the linear combiner output is
K *
z= Zwkxk ,
k=1
where each w, is the combining weight and ( ). denotes the complex conjugate operation.
What is the signal-to-noise ratio (SNR) of z for a particular set of combining weights, w,,Vk ?

(b) (10%) What values of w,,Vk, lead to the maximum SNR in part (a)?

5. (20 %) Consider the transmission of complex-valued symbol § over the AWGN channel x=s+w,

where S is taken equally probably from S ={1+j, 1-j, =1+, —1-j} and w is circularly

Gaussian distributed with zero mean and variance N, .

(@) (3 %) What is the likelihood function of receiving x when a particular value of s from S is
transmitted?
(b) (7 %) What is maximum likelihood detection (MLD) of s from observed x?

() (10 %) What is the probability P{; 21+ j|s =1+ j}, i.e. the probability that s =1+ is

transmitted but x =1+ J is detected, for the MLD in part (b) ?
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1. (10%) A matrix B is said to be a square root of a matrix 4 if BB=4. (1) Find square roots of A =

g 150]. (2) Prove that for a 2x2 matrix 4 whose determinant is negative, then 4 has no real square root.

2. (10%) Show that the following matrices form a basis for My;.
3 4 0 1 0 -8
FR A e O R

3. (10%) Are there values of r and s for which

1 0 0
0 r-2 2
0 s-1 r+2
0 0 3

has rank 1? Has rank 2? Has rank 3? Has rank 4?

4. (10%) Find a matrix S such that S = 4, given that 4=

S O
[ )
O i

5. (10%)In R3, consider the line / given by the equations
x=-l,y=t,z=-t
and the line m given the equation
x=2s, y=1+s,z=5s
Let P be a point on / and Q be a point on m, find the values of # and s such that

IP — QJ|? is minimized.




B b e RE 114 25 FRATHER EFRAA

FEER GERBERE A#FBHX 2 EHE £ 27
AR BARIEELA-ERTA

6. (32%) The waiting time X of a customer at a taxi stand is zero if the customer finds a taxi parked
at the stand, and a uniformly distributed random length of time in the interval [0, 1] (in hours) if
no taxi is found upon arrival. The probability that a taxi is at the stand when the customer arrives
is equal to 0.7. Let the cumulative distribution function (cdf) of X be represented in the form:

Fx(z) = pFy(z) + (1 — p)Fz(x),

where 0 < p < 1 and Fy(x) is the cdf of continuous random variable Y, while Fz(z) is the cdf
of discrete random variable Z. Find the following:

a) (4%) Fy(z).

b) (4%) p.

c) (4%) Fz(z).

d) (4%) Probability density function (pdf) of Y.

e) (4%) Probability mass function of Z.

f) (6%) Mean of X.

g) (6%) Variance of X.

7. (18%) Let X be a continuous random variable with cdf Fix(z) and pdf fx(z). Consider Y = VX,
a) (4%) The event {Y < y} is equivalent to what event involving X itself?
b) (4%) Use part a) to find the cdf of Y in terms of Fix(z).
¢) (4%) Use part b) to find the pdf of Y in terms of fx(z).
d) (6%) If X denotes the squared envelope of a radio signal with the following pdf:
L e_””/2°‘2, x>0, a>0,

fx(z) = 5o

where o is a constant, use part ¢) to find the pdf of the envelope Y.




