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1. (20 %) The additive white Gaussian noise (AWGN) n(f) appears in communication system.
(@) (10 %) Please give a mathematical definition for the AWGN n(r).
(b) (10 %) Suppose now you are given a sample function n(r), 1=0,1,---,N —1, depicted below. Is it
a sample function of an AWGN n(t) ? Please address the steps and methods that you use to justify

yOour answer.

A sample function of a random process
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2. (20 %) Consider a periodic signal x(¢) with period ;. Over one period, the

7, 2 2772

where TI(+) is the unit rectangular pulse. The signal x(r) is filtered by an ideal lowpass filter with

cutoff frequency 2—;— to produce output signal y(7).
0

(a) (2%)Plot x(r) for T, =1.

(b) (5 %) What is the output signal y(¢)?
(¢) (10 %) What is the autocorrelation of the output signal y(#)?
(d) (3 %) What is the power spectral density of the output signal w(t)?
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3. (20 %) The frequency modulated signal is denoted by x(7) = 4, cos (27{ fir+2m fdj'm(r)er , Where

£, is the carrier frequency, f, is the frequency deviation constant, and m(7) is the message signal.
Consider now m(f) = 4, cos(27f, 1) .

(2 %) Show that the modulated signal may be expressed as x(7) = 4, cos (271' f.t+ Bsin (27r fmt)) .

Please give the value of 5.

(3 %) What is the complex envelope of x(t) = A4, cos (27z f.t+ Bsin (271 fmt)) ?

(10 %) What is the continuous-time Fourier transform of x(f) = A4, cos (27z fit+ Psin(2x fmt)) ?

You may use Bessel function to express your result.

(5 %) What is the time average power of x(f) = A4, cos (27z f.t+ fsin (27z fmt)) ?

4. (20 %) The received (complex-valued) baseband signal is x =hs+w, where & is the known channel

gain, w is the additive white Gaussian noise with zero mean and variance o” . The transmitted

symbol s comes from the 8-PSK constellation set S = {e’ k8 L | = 0,1,---,7}.

(2 %) What is the constellation diagram for S ?

(3 %) What is the likelihood function for detecting transmitted s from received x?
(5 %) What is the decision rule for the maximum likelihood detector (MLD) to detect
transmitted s ? Please reduce to the simplest form as possible as you can.

(5 %) What are the decision regions for the MLD?

(5 %) What is the symbol error probability for the MLD?

5. (20 %) A stereo frequency modulation (FM) broadcasting is to transmit a left channel signal m,(¢), a
pilot p(f)=cos(27z f,1), and a right channel signal m,(¢) ata time through frequency division
multiplexing and frequency modulation. Assume that m,(t) and m,(¢) are of the same bandwidth 15

kHz and pilot frequency is f, =19 kHz.

(10 %) Give your design for the stereo FM transmitter using a block diagram. You may give
spectra of signals in the block diagram if necessary.

(10 %) Give your design for the stereo FM receiver using a block diagram. You may give spectra
of signals in the block diagram if necessary.




B3 iE RS
113 £ 44 E A 3B A F K

¥ A

(£ 28]

# 8 AMH | REREK

hran BRI gfi-@mvae

— L EEFR—
MELA ALY T8 TRE, B TEESR 2 AMER  HBERRT
B -
. GBS TAY 24 RALASEN  RAEMNRE EX/EFE
g%
2. ZRMM LTS FTHBAES  FRERGETE - REpFLEE -
SR A R B4 40 4RI R AT -
4.2 RLREARE (BRE) hEERNRA -
SHEGLRAELERILIEE (248) €8 -
6. RAARE XA R -







By EAE 113 LFEALHR LA HNNA

#BLH GHERAK A#B# 1B £1R
Apriey)  BMIELA-ENTa

1. Let C=[‘11 2], D=[g g] , E=[2 ‘; . Answer the following questions with the appropriate matrix

names (C, D or E). Note: No partial scores are given for each question.
a. (5 pts.) Identify matrices that are row equivalent when a is 1 and b is 0.
b. (5 pts.) Determine which matrix has {0} as the orthogonal complement of its row space when
aisOand bis 1.
c. (5 pts.) Which of these matrices satisfies the condition that the rank plus the nullity equals 2?
d. (5 pts.) Which matrix is not full-rank when a and b are 1's?
(5 pts.) Identify the matrix that contains row vectors that can span R? for all real numbers a and b,

given that a is not equal to b.
£ (5 pts.) Determine which matrix could be singular, given that the product of g and 4 is not equal to

0.

2. Determinant identity

a. (10 pts.) For a given matrix 4 = [(1) 3 1 , identify all possible matrices B, where the last row

of B is 0, such that the determinants of 4B and BA are equal.
b. (25 pts.) Prove that if A and B are matrices of sizes mxn and nxm, then det(l+AB)=det(I,+BA).
.. [ln —B
Hint: [ A I, ]
3. Let T; : P1 — P» be the linear transformation defined by Ti(p(x)) = x-p(x) and let 7> : P,—P» be the
linear operator defined by Tx(p(x)) = p(x + 1), where B = {1, 2x} and B'= {1, x, 2x*} are bases for Py and
P2, respectively. Every case requires detailed information.
a. (10 pts.) Determine the coordinate vectors of (x + 1)p and o + x)p.
(10 pts.) Represent the linear transformation 7 from Py to P> as the matrix [T1]5-5.

b.
c. (10 pts.) Find the matrix representation [72]z of the linear transformation 72 in P».
d. (5 pts.) Show the matrix representation of the composition of two linear transformations

[T2°T1]5—B-
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1) (15 points) Let Q = {1,2,3,4,5,6} be the sample space. Define three events: A=1{1,2}, B=
{2,3}, and C = {4,5,6}. The probability measure is unknown, but it satisfies the three axioms of
probability.

a) (5 points) What is the probability of A N C?

b) (5 points) What is the probability of AU BUC?

¢) (5 points) State a condition on the probability of either B or C that would allow them to be
independent events.

2) (20 points) The probability density function (pdf) of a random variable X is shown in Fig. 1.

fx(X)
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Fig. 1: pdf of X

a) (5 points) Compute the value of A.
b) (10 points) Find the cumulative distribution function (cdf) of X, that is, Fix(x).
¢) (5 points) Compute the probability of the event {2 < X < 3}

3) (25 points) Consider a communication channel corrupted by noise. Let X be the value of the
transmitted signal and Y the value of the received signal. Assume that the conditional density of
Y given X is Gaussian, that is,

2
frix(ylz) = \/%GXP (—(—y?f)—)
and that X takes on only the values +1 and —1 equally likely.
a) (5 points) Find the pdf of X, that is, fx(z).
b) (10 points) Find the pdf of Y, that is, fr(y).
¢) (10 points) What is the conditional density of X given Y, that is, fxy(z|y).
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4) (20 points) Let X; and X, be independent and exponentially distributed random variables with
pdf

in("E) = /%'-exp (_%) ’LL(.’E), 1=1,2,

where p > 0 and u(z) is the unit step function. Define Z £ max(X, Xs).
a) (10 points) Find the cdf of Z, that is, Fz(2).
b) (10 points) Find the pdf of Z, that is, fz(z).

5) (20 points) In your physics courses, you have studied the concept of momentum p = mv in the
deterministic, that is, nonrandom sense. In reality, measurements of mass m and velocity v are
never precise, thereby giving rise to an unavoidable uncertainty in these quantities. In this problem,
we treat these quantities as random variables. So, consider a random variable mass M with given
pdf fa(m) and a random variable velocity V with given pdf fi(v). We are also given the averages
py = E[M] and py = E[V] (that would presumably correspond to our measurements in the
physics course). Assume that M and V are independent and nonnegative random variables.

a) (5 points) Express the cdf of the momentum P = MV, that is, Fp(p), in terms of the known
pdf’s far(m) and fir(v). |

b) (10 points) Find the pdf of P = MV, that is, fp(p), in terms of fi,(m) and fy-(v).

c) (5 points) Determine the expected value of the momentum pp = E[P] as a function of
and py.




